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Abstract: We construct the Wess-Zumino-Witten (WZW) term in lattice gauge theory by 
using a Dirac operator which obeys the Ginsparg- Wilson relation. Topological properties 
of the WZW term known in the continuum are reproduced on the lattice as a consequence 
of a non-trivial topological structure of the space of admissible lattice gauge fields. In the 
course of this analysis, we observe that the gauge anomaly generally implies that there is 
no basis of a Weyl fermion which leads to a single-valued expectation value in the fermion 
sector. The lattice Witten term, which carries information of a gauge path along which the 
gauge anomaly is integrated, is separated from the WZW term and the multivaluedness of 
the Witten term is shown to be related to the homotopy group 7r2n+i(G). We also discuss 
the global SU(2) anomaly on the basis of the WZW term. 
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1. Introduction 

In continuum gauge theories in d = 2n dimensions, topological structures of the gauge 
theory and quantum anomalies are closely related. The configuration space of gauge fields 
defined on S"^" is decomposed into an infinite number of connected components classified 
by the homotopy group 7r2n_i(G), where G is the structure group of the gauge theory. By 
knowing the index of the Dirac operator, one can see to which connected component the 
background gauge field belongs. The quantum anomaly related to this topology of the gauge 
field is the axial anomaly |jl]. Although each connected component A of the configuration 
space, being an affine space, is topologically trivial, the gauge orbit space A/G, where Q is 
the group of gauge transformations, generically has a non-trivial topology. In particular, 
there may exist a non-contractible 2-sphere in the gauge orbit space which gives rise to a 
non-trivial tt2{A/G) = iti{G)- The latter implies the existence of a non-contractible loop in 
G and, when G is simply-connected as we shall assume below, it is identical to the homotopy 
group 7r2n+i(G). Physically, the existence of a non-contractible 2-sphere in the gauge orbit 
space gives rise to an obstruction in defining a gauge invariant fermion determinant, i.e., 
the gauge anomaly 0. 



In lattice gauge theory, any field configuration can smoothly be deformed into one 
another and, hence, the space of lattice gauge fields is intrinsically topologically trivial. 
However, it has been shown that by imposing the admissibility condition 



||1 - R[U{p)]\\ < e, for ah plaquettes p, (1.1) 

where U{p) is the product of link variables around the plaquette p and R stands for a 
unitary representation of the gauge group, it is possible to endow the space of lattice gauge 
fields with a non-trivial topological structure. The space of admissible lattice gauge fields 
is decomposed into a (finite) number of connected components and one can assign to each 
connected component it a topological charge, which coincides with the Chern-Pontryagin 
index in the classical continuum limit Q . For the overlap Dirac operator |^] which satisfies 
the Ginsparg- Wilson (GW) relation |p, the admissibility condition is required to guarantee 
the regularity of the Dirac operator Q.^ Then the index of the Dirac operator, whose 
density is the axial anomaly on the lattice, is constant over it due to the lattice index 
theorem ^. It is expected that the topological charge of ref. and the index are 
identical when e is sufficiently small |^]. 

A removal of non-admissible configurations from the space of gauge fields may leave 
"holes" in a connected component il. If this occurs, one may have non-trivial 7r2(il) and 
this could cause, as we will see below, an obstruction in defining a smooth integration 
measure for Weyl fermions. 

The basic picture behind a classification of topological sectors in lattice gauge theory 
however appears quite different from that in the continuum gauge theory. In the latter, 
the gauge potential approaches to a pure gauge configuration on the 2n — 1 dimensional 
sphere at infinity and this defines a mapping from the 2n — 1 sphere to G. The space of 
gauge potentials is thus classified by 7r2n_i(G). In lattice gauge theory, on the other hand. 



the admissibility (IT) is a gauge invariant condition and does not place any restriction on 
gauge degrees of freedom. The space of lattice gauge transformations (5 is topologically 
trivial even after imposing eq. (|l.lD . Hence the idea of classifying topological sectors of the 
gauge field by 7r2n~i(G) cannot be applied to lattice gauge theory as it stands. Similarly, 
on the lattice vri(C5) = and the connection between a nontrivial Tri{Q) = iT2n+i{G) and 
the gauge anomaly seems to be lost in lattice gauge theory. This makes the construction of 
the Wess-Zumino-Witten (WZW) term |9|, |l^ in lattice gauge theory intricate because the 
multivalued nature of the WZW term in the continuum theory relies on the non-triviality 

of 7r2n+l(G'). 

In this paper, on the basis of a Dirac operator which obeys the GW relation, we formu- 
late the WZW term on the lattice. Our WZW term is manifestly local on the lattice and 
has a correct classical continuum limit. Our construction can be regarded as an "anoma- 
lous version" of the formulation of refs. ^] in which anomaly-free chiral gauge theories 



are studied. Our task is relatively simple compared to that for anomaly-free cases |11, 12| 



because we treat anomalous cases and it is not necessary to worry about the gauge anomaly 



^For the overlap Dirac operator, R in eq. ( [L.1| ) is the gauge-group representation of the fermion and the 
Dirac operator is guaranteed to be regular if e < (2 — \^)/[2n{2n — 1)]. 



cancellation on the lattice, which is a highly non-trivial issue. Unfortunately, however, our 
construction in its explicit form is applied only to a restricted class of gauge fields and 
gauge transformations and it may not be suitable for numerical simulations. Nevertheless, 
by using our construction, we can understand how various properties of the WZW term 
expected in the continuum on topological grounds are realized in the lattice framework, 
despite the above mentioned differences between the topology of gauge fields in continuum 
and lattice frameworks. 

Our motivation is not new, and in fact, many related works can be found in the 
literature. Ref. [ITsi studied a construction of the WZW term in the context of Wil- 



son fermion. The overlap formulation for lattice chiral gauge theories [14, 15] is closely 



related to the formulation of refs. |11, 12]. An implementation of the WZW term by 
the overlap has been proposed in ref. |T^].^ With the overlap formulation, the WZW 



term in 2-dimensions has been studied analytically and numerically |16]. To our knowl- 
edge, however, topological aspects of the WZW term on the lattice have not fully been 
investigated so far. In a later section, we will see that our WZW term on the lat- 
tice reproduces the winding number of the phase of chiral determinant along a gauge 
loop [^]. This is basically the result obtained in ref. [^] (in ref. |18], it was shown that 



the winding number can be expressed by the index of a Dirac operator in 2n + 2 dimen- 
sions). We will observe that a non-trivial winding number of chiral determinant, i.e, the 
gauge anomaly, is a consequence of non-contractible 2-spheres in it, which is classified 
by TT2n+i{G). An existence of such non-contractible surfaces in it has also been pointed 
out [^]. In the present paper, we show that a non-trivial winding number directly im- 
plies an obstruction in defining a smooth fermion measure, not only an obstruction for 
the gauge invariance; anomalous chiral gauge theories in general cannot consistently be 
formulated in the framework of refs. [0, Our way of argument^ to show this fact is 
simple and also provides a coherent picture to understand topological aspects of the WZW 
term. 

This paper is organized as follows. Section ^ is devoted to a construction of the 
WZW term in lattice gauge theory, based on the Ginsparg- Wilson relation. Then, in 
section |3|, we show that the WZW term exhibits an ambiguity of 27r multiple of an integer, 
depending on a choice of the gauge path along which the lattice gauge anomaly is integrated. 
We also show that this ambiguity can be separated as a term which does not depends 
on the gauge field (a lattice analogue of the Witten term In section ^, we study 

the winding number of the chiral determinant Q and show that it is directly related to 
an obstruction to a smooth fermion measure. This shows that anomalous chiral gauge 
theories are intrinsically different from anomaly-free cases. In section ^, we show that the 
multivaluedness of the Witten term is precisely realized on the lattice and its value is in 
fact classified by 7r2n+i{G). In section |6|, on the basis of the result of ref. |23], we illustrate 



^However the locality is not obvious in this implementation. 

^In ref. by using a similar argument, a non-contractible 2-torus in U of abelian theories was identified 
as an obstruction for a smooth fermion measure. According to ref. , the argument of ref. shows that 
an obstruction in the orbit space of abelian theories observed in ref. implies a non-contractible 
2-torus in il. 



how the WZW term reproduces the global SU(2) anomaly [24|. Section |^ is devoted to 
conclusion. In appendix |A|, we collect relevant materials for the classical continuum limit 
of the WZW term. 

We consider d = 2n dimensional periodic lattice with a finite size. The lattice spacing 
will be denoted by a. 

2. Construction of the WZW term 
2.1 Basic idea 

We first sketch our basic idea to define the WZW term on the lattice. We start with the 
chiral determinant of a (left-handed) Weyl fermion on the lattice 

det M[C/] = /'D[V^]D[V^]e-^F , Sy = a'^''^i^{x)Di){x) , (2.1) 

where U denotes the lattice gauge field (link variables). In most part of this paper, we 
assume that the gauge field U belongs to the vacuum sector. Namely, we assume that U can 
smoothly be deformed into the trivial configuration [7=1 within the space of admissible 



gauge fields specified by eq. (1.1); in eq. (1.1) R stands for the gauge-group representation 
of the fermion. 



In eq. ( p.lD , the Dirac operator D is assumed to satisfy the GW relation 

75i? + Z)75 = aD^^D . (2.2) 

Although we will not need the explicit form of D in this paper, we assume following 
properties of D: The 75-hermiticity D'^ = 751)75, the gauge covariance, the locality^ and 
absence of species doublers. These properties would imply the Dirac operator reproduces 
the correct axial anomaly in the classical continuum limit [25, 26]; we also assume this. 



Neuberger's overlap Dirac operator Q possesses all these properties if configurations of 
gauge field are restricted by the condition ( |l.ip [0. Following refs. [27|, we then introduce 
the modified chiral matrix 75 = 75(1 — O-D), which fulfills 

(75)^ = 75, (75)' = !, D75 = -75^ (2.3) 
and define chiral projectors by 

P± = i(l±75), P± = i(l±75), DP± = P^D. (2.4) 



Then in eq. (2.1), the left-handed Weyl fermion is defined by imposing the constraints 

p_tP = tp^ ^ = . (2.5) 

In this construction, the chirality is consistently imposed due to the last relation of eq. (^■4)- 
The action in eq. ( |2.lD is manifestly gauge invariant and consistent with the locality. We 



postpone the detailed account on the fermion measure D['0]D [-(/;] of eq. (l2.lD to the next 
subsection. 



*For the precise definition of the locality assumed here, see ref. 



Assuming that the chiral determinant has been defined, we define the WZW term on 
the lattice by 

^Avzwb,t^] =lndetM[;7] -lndetM[;73"'], (2.6) 
where denotes the gauge transformation of the gauge field U parametrized by g, 

U3{x, fi) = g{x)U{x, ii)g{x + a/i)"! . (2.7) 

From its definition, it is obvious that the WZW term vanishes if the chiral determinant is 
gauge invariant; it thus picks up only the effect of gauge anomaly. Under the infinitesimal 
gauge transformation,^ 

5U (x, /x) = Lo{x)U {x, ^i) — U (x, fi)uj{x + a/z) = —aSI^u}{x)U {x, fi) , 

Sg{x) = uj{x)g{x) , (2.8) 



the combination in the second term of eq. (2^) does not change and, on the other 

hand, the first term produces the gauge anomaly. By this way, the WZW term, which will 
turn to be a local functional on the lattice, reproduces the gauge anomaly as i(5/wzwb) U] 
= (5 In det Af[C/]. In the continuum theory, this is the defining relation of the WZW term. 

2.2 Fermion integration measure and the associated U(l) bundle 



To define the fermion integration measure in eq. ( p.ip , we introduce an orthonormal com- 
plete set of vectors in the constrained space (^), 

P-Vj = Vj , {vk,Vj) = 5kj . (2.9) 

Note that Vj{x)vj{y)^ = P-{x, y). By expanding the fermion field in terms of this basis 

V^(x) = ^fj(x)c,-, (2.10) 
the integration measure is defined by 

D[^]=ndc,. (2.11) 
j 

Similarly, for the anti- fermion, by using a basis such that VkP+ = Vk, we set 

D[V^] = Hdcfc , ?(x) = Y^CkMx) ■ (2.12) 



In terms of these bases, the chiral determinant ( |2.1| ) is given by the determinant of the 
matrix 

Mkj = a^''J2^k{x)Dvj{x) . (2.13) 

X 

The above (seemingly simple) construction, however, poses complicated problems. 
First, the constraint ( |2.9| ) does not specify the basis vectors uniquely. A different choice of 



^V;j is the gauge covariant forward difference operator, V^ci;(x) — [U{x, iJ,)Lu{x + ajl)U{x, fi) ^ —Lu{x)]/a. 



basis, as we will see shortly, leads to a difference in the phase of the fermion integration 
measure. This phase moreover may depend on the gauge field and hence may influence 
on the physical contents of the system. Secondly, a connected component of the space 
of admissible gauge fields H can be topologically non-trivial as we already noted. Thus 
it is not obvious whether there exist bases over it, with which the chiral determinant (or 
more generally an expectation value of operators in the fermion sector) is a single-valued 
function over it. These closely related problems can be formulated as follows |11, 12 1. 



We cover it by local coordinate patches Xa-, labeled by A. Suppose that some basis 
has been chosen within each patch, as is always possible for contractible local patches. 
Generally, however, on the intersection Xa n Xb of two patches, basis vectors vf and 
are different and are related by a unitary transformation 

.Bi 



\x)=Y,vt{x)r{A^B)k,. (2.14) 



By definition, the transition function t{A — > B) satisfies the cocycle condition 

t{A ^ C) = t{A ^ B)t{B ^ C) on XAr\XBr\Xc (2.15) 



and thus defines a unitary principal bundle over il. Corresponding to eq. ( p. 14 ), the fermion 
integration measures defined in Xa and m. Xb are related as 

T^W\B='D[^]AgAB, 9AB = detr(A^5) eU(l). (2.16) 

This phase factor qab thus defines a U(l) bundle associated to the fermion integration 
measure. For a sensible formulation of Weyl fermions, various expectation values in the 
fermion sector must be a single-valued function over il. To realize this, one re-defines basis 
vectors in each patch^ such that qab = 1 on all intersections. However, this is possible if 
and only if the U(l) bundle is trivial. 

To find a characterization of this U(l) bundle, we consider a variation of gauge field 

6r,U{x, /x) = ar?^(x)C/(x, /i) , r,^{x) = 7?^(x)r'^ (2.17) 

and define the measure term within a patch, say Xa^ by 

3 

This characterizes how the basis vectors change under the variation. On the intersection, 
Xa n Xb, we see from eq. ( 2.14| ) that the measure terms in Xa and \n Xb are related as 



2.f, =2.^ + igA]i5ri9AB. (2.19) 

This shows that the measure term is the U(l) connection associated to the U(l) bundle. 
By applying the identity^ 

JjyJ^ — 5^5^ + a'5[r),f] = (2.20) 

^Under a change of basis, the phase factor transforms as qab fiAgAshg^ , where Ha is the determinant 
of the transformation matrix between two bases in Xa- 

^Here we have assumed that the variations rj and are independent of the gauge field. 



to the definition of the measure term ( |2.18| ), we find 

6r,ilt-6cili + ailf^^^^=iTr{P4S,P^,S^P^]). (2.21) 

The right hand side, which depends neither on the patch label nor on basis vectors, is 
nothing but the curvature of the U(l) bundle. Then as a measure of non-triviality of the 
U(l) bundle, we may consider a 2-dimensional integral of the curvature, the first Chern 
number 

^ / dtdsiTT{Pt,s[dtPt,s,dsPt.s]), (2.22) 

which is an integer. A4 in this expression is a closed 2-surface in il and t and s are local 
coordinates of A4. Namely, we defined two-parameter family of gauge fields Ut^s in 
and accordingly defined the projection operators by Pt^s = P~\u=Ut,s- If the above integer 
does not vanish, the U(l) bundle is non-trivial and there exists no choice of basis vectors 
such that expectation values in the fermion sector are single- valued over Ai. Namely, the 
Weyl fermion cannot consistently be formulated. In other words, is a non-contractible 
2-surface in ii which gives rise to a topological obstruction in defining a smooth fermion 
measure. 

In the above argument, we started with basis vectors defined patch by patch. This way 
of argument, however, is not convenient in constructing the fermion measure which ensures 
the locality. The measure term >C^, being linear in the variation rj, can be expressed as 

C, = a'-Y.^^^ix)r^{x), (2.23) 



where j'^{x) is termed the measure current. It can be shown |11] that the expected locality 
of the system is guaranteed if the measure current is a local function of link variables. To 
ensure the correct physical contents of the formulation, therefore, it is convenient to start 
with a certain local measure current. Then according to the reconstruction theorem ||l^, |l2|, 
if the local current satisfies the following conditions, one can re-construct basis vectors 
which lead to a smooth fermion measure that is consistent with the locality. The measure 



term (2.18|) of the so constructed basis coincides with the measure term defined from the 



current by eq. (|2.23| ). (1) The current is a smooth (i.e., single- valued) function of the gauge 
fields contained in il. (2) The measure term ( 2.23| ) defined from the current satisfies the 
global integrability 

exp (^i dtCr^ = det(l - Pq + PqQi) (2.24) 

along any closed loop in il. In this expression, the loop Ut {Ui = Uq) is parametrized 
by t € [0,1] and the variation is given by ar]f^{x) = dtUt{x, fi)Ut{x, fi)^^ . Projection 
operators along the loop are defined by Pt = P-\u=u^. The operator Qt is defined by 
the differential equation dtQt = [dtPt, Pt]Qt and Qq = 1. Thus the task to construct the 
fermion measure is reduced to find an appropriate local current j^{x) which satisfies the 
above two conditions.^ For an infinitesimally small (contractible) loop in il, it can be shown 



*For a gauge invariant formulation of anomaly-free cases, an additional condition, the anomaly cancel- 
lation on the lattice has to be fulfilled. 
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Figure 1: The paths in the space of gauge transformations (left) and in tlie space of gauge field 
configurations (right) along which we integrate a gauge variation of the chiral determinant to define 
the WZW term. 



that the global integrability becomes the local integrability 

S^£t; - St^il^n + a£[,,,c] = i Tr(P_ [6^P.,St;P.]) (2.25) 

that is nothing but eq. ( |2.21 ) without patch labels (because here we started with a measure 
current defined globally over il). In this paper, we adopt this latter viewpoint which starts 
with the measure current and seek for an appropriate local measure current, or equivalently 
the measure term. 

2.3 WZW term with the GW fermion 

From the expression ( p. 13 ), we see that the infinitesimal variation of the chiral determinant 
is given by 

6rj Indet M[U] = Ti{5r^DP^D-^ P+) - i^n ■ (2.26) 



Therefore the WZW term ( |2.6D can be obtained by integrating this variation along a 
sequence of gauge transformations (a gauge path). We introduce a one-parameter family 
of gauge transformations 

9t{x), 0<t<l (2.27) 

such that 

go{x) = l, gi{x)=g{x). (2.28) 
See figure An example of such a path is given by 

gt{x) = [g{x)Y. (2.29) 

In lattice gauge theory, such a smooth path gt which connects 1 and g always exists because 
7ro((J5) = 0; the situation is quite different from the continuum. Corresponding to this path, 
we define a one-parameter family of gauge fields by 

Ut{x,fi) =U'^^\x,^i), 0<t<l, (2.30) 
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Figure 2: The two-parameter family of gauge transformations (left) and the two-parameter family 
gauge field configurations (right) utilized in eq. ( 2.42 ). 



which connects Uq = U and Ui = ^ (figure ||). Note that, since the condition ( |1.1| ) is 
gauge invariant, if the starting configuration Uq = U belongs to the space of admissible 
gauge fields il, then the path is also within it. By this way, we have 

Avzw [g, U] = i [ dtdt In det Mp^t'] 



= i[ dtTi{dtDp^D-^P+)+ [ dt£^, (2.31) 
Jo Jo 

where the variation in the second term is given by the gauge variation along the gauge 

path 

V^{x)=V^{gr^dtgt){x). (2.32) 

The first term of eq. ( 2.31| ) can be rendered manifestly local. Noting the gauge covari- 
ance of the Dirac operator 

D\u=u, = R{g^^)D\u=UoRi9t) (2.33) 
and the last property of eq. (|2.4| ), we have 



rwzwig, U] = a^" V^-(x)|c; /' dt idtgtgr'rix) + C 
where the covariant gauge anomaly A'^{x) is defined by 



dt Z 



la 



^"(x) = -tr[75i?(nZ)(x,x)] 



(2.34) 



(2.35) 



This is a local function of gauge fields, because it does not contain the inverse of the Dirac 
operator which is generically a non-local combination of link variables. 



Now, the covariant gauge anomaly and the curvature in eq. ( |2.25| ) are not independent. 
To see this, take the gauge variation ri^{x) = —V^uj{x) as one variation in the curvature. 
Noting the gauge covariance Sr^P- = [R{ijo)^ PJ\ and the identity PSc^P^P- = 0, we find 

,2n\ ^,a,^^x Aar^-, (2.36) 



iTi{P^[5^P-,5^P^]) = -a2"^a;'^(x)5^^'^(a 



Namely, the curvature component in the direction of the gauge variation is given by a 
variation of the covariant anomaly. This relation is especially useful to find the classical 
continuum limit of the curvature, as we illustrate in appendix This relation also has 
an important consequence in our discussions below. Let us consider the case that the 
path ( 2.27| ) forms a closed loop, namely gi = go = 1. For this case, it is always possible to 
find a two-parameter family gt^s of gauge transformations such that 

goA^) = 9t,o{x) = 1 , 0<t<l, 0<s<l, (2.37) 

and 

gt^^{x) = gt{x), 0<t<l. (2.38) 

See figure ||. The example is 

5m(x) = [5t(x)]^ (2.39) 

Since these generate gauge transformations, the corresponding two-parameter family of 
gauge fields 

Ut^x, /i) = U^'-' {x,^J.), 0<t<l, < s < 1 , (2.40) 

is within the space of admissible gauge fields il. Now we integrate the relation ( p.36| ) over 
the disk represented in figure |2[ by identifying r] as the gauge variation along the t-direction, 

rjAx) = Vf.{gr,sdt9t,s)i^) (2.41) 

and C as the direction parametrized by s. Noting the gauge covariance of the covariant 
anomaly, we have 



f dta^^y^{g^'dtgtnx)A-{x)\u=u, = a^''y2A-{x)\u=Uo C 
Jo ^ ^ Jo 



dt {dtgtgtTix 



I Cdt [' dsTi{PtAdtPt,s,dsPt,s]), (2.42) 
Jo Jo 



where we have used the boundary conditions, eqs. ( 2.37 ) and ( 2.3S| ). We have observed that, 
when the gauge path (2.30) is a closed loop in it, the first term of the WZW term ( 2.34| ) 
(a contribution of the covariant anomaly), can be expressed as the surface integral of the 
curvature over the disk ( ^.40| ) (this always exists within it) which is spanned by the loop. 
This property will be repeatedly utilized in the following discussions. 

2.4 An explicit construction of the measure term 

It is obvious that the above definition of the WZW term ( ^.34 ) is incomplete unless we 
provide an explicit form of the measure term 2,^1 . To construct the measure term, we again 
consider a two-parameter family of gauge fields Ut^s, such that 

Utfi = l, < t < 1 , (2.43) 



and 



Ut^^ = U3t , < t < 1 



(2.44) 




Figure 3: The two-parameter family of gauge field configurations to define the WZW term. The 
direction of s is to construct the measure term (2.48) and the gauge anomaly is integrated along 
the gauge path C, the direction of t. 



See figure |. Here we encounter a trouble. There is no general guarantee that this family 
of gauge fields is contained in the space of admissible gauge fields, il. Recall that we have 
assumed that U = Uq^i belongs to the vacuum sector. So the existence of a smooth path 
Uq^s which connects 1 and U is guaranteed by assumption. However, the admissibility 
of general Ut^s is not. In fact, in a later section, we will encounter an example in which 
such a smooth family does not exist. Thus to ensure the admissibility, we place following 
restrictions on U and g; these limit an applicability of our construction. We assume that 
the gauge field U is given by a lattice transcription of a certain gauge potential defined 
on a continuum torus T^".^ To be precise, link variables are given by the path-ordered 
exponential of a smooth gauge potential 



U {x, ^) = V exp 



a / du Af^{x + {1 — u)ajl) 
. Jo 



(2.45) 



Also we assume that the gauge transformation parameter g{x) is given by a lattice restric- 
tion of a certain smooth G- valued function defined on the torus. Under these restrictions, 
when the lattice spacing is sufficiently small, there always exists a two-parameter family 
of lattice gauge fields in M. which possesses the above boundary values. For example, a 
choice 

Ut,s{x,f^) = [gi\x)U{x,fi)gt{x + afi)Y (2.46) 

does the job. 



^The continuum limit of a periodic lattice is T^". However, in connection with the continuum theory, 
we are interested in gauge fields defined on S^". Hence, in what follows, we consider gauge fields on T^" 
that can be regarded as those on S^" . These can be obtained by using a surjection T^" ^ 5^" whose 
degree of mapping is unity. Gauge fields and gauge transformations on T^" are given by the puUback of 
those on S^". 



With the above restrictions, it is easy to find an appropriate measure term. One way 
is to introduce an additional parameter r and set ar]^{x) = dtUt^s,r{x, lJ.)U{x, ^ and 
aCfj_{x) = drU{x, iJ,)t^s,rU{x, iJ,)^g j. in eq. ( p. 25 ) and then take a derivative of eq. ( |2.25| ) with 
respect to the parameter s. By noting the property Tr(5iP_ J2^-'^3-P-) = O/'^ one has 

dt [ds^c - i Tr {Pt,sAdsPt,s,r, drPt,s,r])] " [^.^^ - i Tr (P^,,,, [5,Pt,,,„ dtPt,sA)] = > 

(2.47) 

where Pt,s,r = P-\u=Ut,s,r- ^ particular solution of this equation is given by dsS^n = 
iTi(Pt^s,r[dsPt,s,r,dtPt,s,r])- Then by getting rid of the parameter r and integrating this 
relation along a direction of s in figure |3|, we have 



— i 



dsTr{PtAdsPt,s,Sr,Pt,s]) 



(2.48) 



where Pt,s = P- \u=Ut s- Conversely, it is straightforward to verify that this measure term in 
fact satisfies the local integrability (2.25). This form of the measure term already appeared 
in refs. O, 25]. This measure term is given by a combination of the Dirac operator and 



the corresponding measure current is a local function of link variables due to the locality of 
the Dirac operator. Thus it defines a sensible chiral determinant at least for configurations 
restricted as above. 

The measure term ( p. 48 ) is yet ambiguous depending on the choice of the two-pa- 
rameter family Ut^s- If we consider an infinitesimal deformation of the two-parameter 
family 6Ut s , we find the the measure term changes by 



5£ri = iS„ 



dsTr{Pt,s[dsPt,s,SPt,s]). 



(2.49) 



By comparing this with the variation of the chiral determinant ( 2.26| ), we realize that 
this ambiguity is nothing but the standard ambiguity in defining the effective action, a 
freedom of choosing local counterterms (coboundary terms). To avoid this unimportant 
ambiguity, it is convenient to fix a convention for the two-parameter family Ut^s- Here we 



take eq. (2.46) as a part of definition of the WZW term. By this way, we have 



/wzw[5,f/] =a'"V^'^(x)|c/ [\t{dtgtgr^nx)-i C dt [' dsTT{PtAdtPt,s,dsPt,s]) , 
^ Jo Jo Jo 

(2.50) 



where Pt^s = P-\u=Ut,8 Ut^s is defined by eq. (|2.46D . This completes our construction 
of the WZW term on the lattice. In appendix |A|, we show that this definition has the 
correct classical continuum limit. 



^"This can be proven by inserting 1 — (75)^ and using {js,SP-} = 0. 

^^Once the WZW term in this form has been obtained, we may get rid of the chiral determinant ( |2.l[ ). 
In particular, this form works even when the Dirac operator has accidental and/or topological zero modes. 



The WZW term is defined also for topologically non-trivial sectors, if we change eq. (2.46) appropriately, 
as Ut^s{x,^) — Uo{x, ^^^'"^[g^^ {x)U{x, ^)gt{x + aji)Y , where Uo{x,fj,) is a reference configuration in the 
topological sector. A more satisfactory derivation of eq. (2.50) is obtained by starting with the expectation 
value (0)f, instead of the chiral determinant. 
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The expression ( p.50| ) can be cast into a parametrizaion free form as 



r^zw[9,U] = -i f TiPD-^P+dD-i f TrPdPdP, (2.51) 

Jc JD'i 

where is the 2-disk in the space of admissible gauge fields parametrized by t and s 
as depicted in figure ^, C is the path connecting U and ^ parametrized by t and d is 
the exterior derivative. The Dirac operator and the projector on the disk are simply 
denoted by D and P. Since C is a path along the gauge direction, the first term on the 
right hand side of ( |2.51| ) is local in the sense of lattice theory. As we shall show in the next 
section, the WZW term modulo 27r does not depend on the choice of as far as the two 
boundaries parametrized by s are fixed and C lies in the gauge direction. 

By using eq. ( 2.5C| ) and the relation Jj'^^^^ ^ = {U^ ^, we find the composition law: 



AvzwN, U] = Pyjzwih, U] + rwzw[5, U^''] (mod 2tt) , (2.52) 

where the ambiguity of 27r will be explained in the next subsection (each WZW term in 
the above expression has such an ambiguity). 



3. 27r-ambiguity of the WZW term and the Witten term 




The WZW term depends on a chosen 

gauge path gt through eq. ( 2.46|) and this free- 
dom of gauge path causes a 27r-ambiguity of the 
WZW term. To show this, let us consider two 
gauge paths, g^^^ and g[^\ The difference be- 
tween the WZW terms defined with respect to 
each path is obviously given by Iwzw[l)t^] in 
which the gauge path gt {go = gi = I) is defined 
by^2 



U 



Figure 4: A difference between WZW 
terms defined with respect to two different 
gauge paths. 



9t{x) 



5'2(l-t)(^) 



for < t < - 
- - 2 



for - < t < 1 
2 - - 



(3.1) 



which forms a closed loop. See figure ^ How- 
ever, we have observed in eq. (|]4|) that, along 
a gauge loop, the line integral of the covariant 

anomaly in the WZW term is given by the surface integral of the curvature over a surface 

spanned by the loop. As a consequence, the difference is given by 

rwzw[g,U]\ a) - rwzw[g,U]\<2) = - [ dtdsiTT{Pt,s[dtPt,s,dsPt.s]) , (3.2) 

9t 9t Jg2 



^Note tfiat the WZW term is t-reparametrization invariant. 



here the integral is for a surface of the two dimensional cone depicted in figure which 
is topologically a 2-sphere S"^. Note that an orientation of the coordinate system {t,s) in 
figure H is opposite compared to that in figure ^. Here we adopt a convention that (t, s) is 
the right-handed system. Thus the difference coincides with {—2tt times) the first Chern 
number ( 2.22| ) for the surface of the cone, M = S'^. Therefore, even if the difference exists. 



it is a multiple of 2tt and ex.p{^^^^zw[9^U]) is a single valued functional of g and U. If 
the Chern number is non-zero, the 2-sphere is non-contractible in the space of admissible 
gauge fields it. An important implication of this fact will be discussed in the next section. 
Next we write the WZW term as 

Avzwb, U] = Twzwb, U] - Twzwb, 1] + Avi^] , (3.3) 

where Avb] = Avzwb;!] will be referred to as the Witten term. The following simple 
argument shows that the part /wzwb) U] — Avzwis'i 1] is free of the above 27r-ambiguity. 
Namely it depends only on g and U and is ignorant about the "history" gt how g evolved 
from 1. The lattice Witten term /w[<?], on the other hand, carries the 27r-ambiguity and 
depends only on the gauge transformations gt- To see these facts, let us consider how the 
WZW term I\vzw[l) U] for a gauge loop gt {go = <7i = 1) changes as we deform the gauge 
field U to the trivial one, Defining a one-parameter family of gauge fields Ur such 

that Uq = U and Ui = 1,^^ at each value of the parameter r, we have a cone depicted 
figure § in which U is replaced by Ur- The point is that everywhere of the surface of 
this cone is admissible by our assumption on U and g and, therefore, in /wzw[l)C^] we 
can deform [/ — > 1 without encountering any violation of the admissibility. Since the 
Chern number, being an integer, is invariant under such a smooth deformation, the Chern 
numbers are identical for the two closed surfaces in figure ^. This implies that Iwzwb; U] 
and -Twzwb)!] has an identical 27r-ambiguity; if one changes the path gt, Avzwbjt^] 
and -Twzwb) 1] exhibit an identical shift of 2tt. This shows the above assertions. 

In the continuum theory, the WZW term is naturally decomposed into the 2n di- 
mensional part, which depends only on the boundary values, g and U, and the 2n + 1 
dimensional Witten term, which does depend on gt but not on the gauge field, through the 
"homotopy formula" ( A.l^ ). It is interesting that our argument above performs this de- 



composition in effect, although we do not know a lattice analogue of the homotopy formula 
for the present. 

4. Gauge anomaly and an obstruction for a smooth measure over it 

Since information concerning the gauge anomaly is gathered in the WZW term, it is natural 

to examine the winding number of the phase of chiral determinant along a gauge loop Q 

in our formulation. The winding number is obtained by considering a gauge loop gt such 

that go = gi = 1. Repeating the argument in the previous section, we have as the winding 

number ^ If 

—r^zwihU] = -— dtdsiTT{Pt,s[dtPt,s,dsPt,s]), (4.1) 
2tt zvr J g2 



^^For example, Ur{x,fi) — [U{x,fi)Y '~ is enough. 




Figure 5: An integration of the curvature over the larger and the smaller closed surfaces gives 
rise to an integer multiple of 27r associated to an ambiguity of Avzw[ff,C^] and of Avzw[.9il] 
respectively. These two surfaces can be deformed to each other without encountering any violation 
of the admissibility. The shaded small circle contained in the smaller surface indicates a possible 
violation of the admissibility. 



where the integral is over a surface of the two dimensional cone (or S'^) depicted in figure]^. 
The above expression is nothing but the first Chern number ( p.22| ) for M = S'^ which is 
an integer. To see when this number becomes non-zero, it is enough to see the classical 
continuum limit, because it is an integer which cannot depend on the lattice spacing a. 
From eq. ( A.20| ) in appendix we have 



tT[R{g^'d^,gt)R{gi'd^,gt) ■ ■ ■ R{gr'd^,„^,gt)] . (4.2) 

The integrand is a total divergence and thus the integral is a homotopy invariant of the 
mapping gt{x) from S^" x to the gauge group G. However, since G is simply-connected, 
the homotopy class is identical to that of mappings from the sphere S^'^+i to G g. There- 
fore, when the mapping gt{x) corresponds to a non-trivial element of Tr2n+i{G), the above 
winding number may become non-zero, depending on the representation R. A non-trivial 
^2n+i{G) is a measure for the gauge anomaly in the continuum theory These are 
basically observations already made in refs. |18, 0]. 



Our argument, however, shows that the gauge anomaly has a profound implication 
in the present lattice formulation. Eq. (4.1) says that when the winding number, which 



is a measure of the gauge anomaly, is non-zero, the Chern number ( p.22[ ) defined for a 
surface of the cone in figure § becomes non-zero. This implies that the U(l) bundle as- 
sociated to the fermion measure is non-trivial and, as we discussed in section \i.2[ and the 
Weyl fermion cannot consistently he formulated, even if one sacrifices the gauge invari- 
ance. This shows that anomalous cases are completely different from anomaly-free cases 




1 



Figure 6: The two different paths to define the Witten term in the space of gauge transformations 
(left) and in the space of gauge field configurations (right). A difference between the Witten terms 
is given by an integral of the curvature over the closed surface in the right-hand figure. 



from a view point of the present lattice formulation based on the GW relation. It seems 
interesting to re-examine quantization of anomalous gauge theories in light of this 
observation. 

5. Witten term and the multivaluedness 

We defined the Witten term by 

Avb] = Avzwb, 1] • (5.1) 

According to an understanding in the continuum theory [10|, this term should have an 
ambiguity of 2tt (multivaluedness) in a somewhat different sense from what we discussed 
so far. The key observation is that when U = 1, the choice of the gauge path ( p. 27 ) has a 



wider freedom. Let g^: be a constant G-transformation. Since 1^* = 1, one can use gtix) 
which has the boundary values 

9o{x) = g^, gi{x)=g{x), (5.2) 



instead of eq. ( 2.28| ) in defining of /\v[fi']- Then in the space of gauge transformations, we 



consider two paths, one starts from 1 and ends at g and another starts from g^, and ends 
with g. See figure ^. We can then consider a difference between the Witten terms defined 
by each path. This is given by the Witten term defined by a path in the space of gauge 
transformations, which starts at 1 and ends at g^,. In the space of gauge fields, this path 
corresponds to a loop. Even with the above change (|5.2| ), our arguments so far hold with 
trivial changes. For example, 1 in the right hand bottom corner of the square in figure ^ is 
replaced by g^,. The relation ( 2.42| ) for a loop holds as it stands and, by a similar argument 
as above, we have 

AvbJIi - rwMa, = - [ dtdsiTtiPt^,[dtPt,s,d,Pt,s]) , (5.3) 




Figure 7: The image of the mapping gt{x) from S x / to G in eq. ( p.4| ). Each latitude corresponds 



to the image of gt{x) at each t. The integral (5.4) is the winding number on this 2n+ 1 dimensional 
sphere in G. 

where we have indicated the initial value in two gauge paths. This is an integer multiple 
of 27r because it is given by the Chern number ( p.22| ). The explicit value of this difference 
can be found by the classical continuum limit 



rw[g]\i - rw[g] 



d 



2n+l 



X X 



(2^)"(2n + l)!ys2"x/' 

tT[R{g^'d^,gt)R{gr'd^,gt) ■ ■ ■ R{gi^d^,^^,gt)] , (5.4) 



where the boundary condition along the interval / is such that go = 1 and gi = g^. Then 
the picture in figure emerges. Namely, the difference is given by {—2it times) a winding 
number of the mapping gt{x) which wraps around a basic 2n + 1 dimensional basic sphere 
in G [10]."^^ By this way, a non-trivial 'K2n+i{G) implies the multivaluedness of the Witten 
term on the lattice by 27r, as in the continuum [lO|] . 
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6. Global SU(2) anomaly 



As the final application of the WZW term, we consider the global SU(2) anomaly [24| in 



lattice gauge theory ||29| , 23 1. We assume that d = 2n = A and the Weyl fermion belongs 
to the fundamental ^ representation of SU(2). Since 7r4(SU(2)) = Z2, there exists one 
homotopy class of gauge transformations in the continuum theory which cannot smoothly 
be deformed into the identity. Let g{x) be such a homotopically non-trivial gauge trans- 
formation. In the continuum theory, Witten showed that the chiral determinant for ^ 
the gauge transformation of the vector potential A, has a different sign compared to that 
for A. This implies Avzwbi U] = tt mod 2tt in terms of the WZW term. 



''To be precise, this statement is true when the representation R is the defining representation of G. 



Depending on the representation R, the right hand side of eq. (5.4) may be a muhiple of the winding 
number. 
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In the present case, since the fundamental representation of SU(2) is pseudo-real, we 
have^^ 

A'^ix) =0, iTr(P„[5^P_,(5^P_]) = 0. (6.1) 
So if our construction ( 2.50| ) is applicable to this case, we would conclude -Twzwb; U] = 



which does not reproduce the SU(2) anomaly. In fact, our construction breaks down due 
to a non-contractible loop in the space of admissible gauge fields il |2^. The point is that 
each configuration on intermediate points of the gauge path ( 2.27] ), where g is given by a 



lattice restriction of the continuum g, does not have a continuum counterpart, because g 
in the continuum is not homotopically equivalent to the identity. This implies that there 
is no guarantee that the whole disk in figure is contained in H. In fact, the analysis of 



ref. 1 23] shows that there must be a "hole" on the disk. The contribution of this hole must 
be taken into account to pick up the correct phase in the WZW term (a situation analogous 
to the Aharanov-Bohm effect). 

This difficulty can be evaded by enlarging the gauge group SU(2) to a larger group G 
for which vr4(G) = 0, say G = SU(3). We then consider the fundamental representation of 



SU(3) and embed the fundamental representation of SU(2) as [10, 3C, 23| 



^ix)=[^^f °)gSU(3). (6.2) 

Since 7r4(SU(3)) = 0, there exists a one-parameter family of SU(3) gauge transforma- 
tions in the continuum theory which interpolates 1 and ^{x). The lattice transcription of 
these SU(3) gauge transformations thus provides a gauge path Qt(x) such that 0,o{x) = 1 
and 0,i{x) = 0,{x) and each point of 0,t{x) has the continuum counterpart. Therefore our 
construction of the WZW term can be applied along this gauge path Qt{x) in SU(3) lattice 
theory. See figure ^. 

In the SU(3) theory, we then have two gauge paths, one is nothing but gt trivially 
embedded in the SU(3) theory and another is given by fit- As shown in figure within 
the SU(3) theory, we can provide measure terms for those two gauge paths and define the 
WZW term along each of them. However, by repeating an argument similar to that of 
section |^, we can see that a difference between those two WZW terms is zero. Thus we 
define the WZW term corresponding to a fundamental fermion of SU(2), Avzwbif^] by 
using eqs. ( p.50 ) and ( 2.46 ) with the replacement gt flf 



We next show that 

rwzwig, u] = rwzw[5, i] = Avis] ■ (6.3) 

To show this, we introduce a one-parameter family of SU(2) gauge fields Ur such that 
Uq = U and Ui = 1 and consider /wzw[5) Ur]- According to our construction of the WZW 



^^To show these relations, one has to assume the charge conjugation property of the Dirac operator, 
D(x, y)"^ = CDr^r* {x, y)C~^ , where R* is the complex conjugate representation of R and C is the charge 
conjugation matrix. The overlap-Dirac operator possesses this property. The fundamental representation 
of SU(2) is pseudo-real, i.e., in the standard convention, one has R{T'^)* = — i?(r")^ — T2R{T°-)t2. So by 
defining B = (775x2, one has BR{T'')B'^ = -RiT^f, B-y^B'^ = and B'y5D{x,y)B-^ = [-f5D{x,y)f . 
Using these properties, it is straightforward to show these relations. 



1 




9t 



t 



U 



Figure 8: A way to construct the WZW term corresponding to a fundamental fermion of SU(2). 
We can apply our construction of the measure term and the WZW term along the gauge path 
of SU(3), fit (the broken line). The measure term for the SU(2) gauge path gt (the straight line) is 
defined by extending the s-integration along the gauge surface spanned by two gauge paths. Then 
the WZW term defined with respect to the SU(2) gauge path is obtained. These two WZW terms, 
however, are identical. 

term, /wzwb) Ur] is given by an integral of the curvature over a surface Sr whose vertices 
are 1, Ur and Ur , as depicted in figure ^ for r = 0. We note that all configurations 
on these surfaces Sr are admissible for every r. We can therefore deform the surface So, 
to that for r = 1, Si, without encountering any violation of the admissibility as depicted 
in figure ^. These facts show that a difference between the WZW terms, /wzw[5)f^] 
and / wzwifi') 1]) is given by an integral of the curvature over a surface TZ which is swept by 
the boundary of Sr in the process of the above deformation (the shaded area of figure |9|) , 
because Sq, Si and TZ form a closed 2-surface and within the closed surface there is no 
violation of the admissibility. However, the integral of the curvature over TZ vanishes 
because configurations on TZ act on the fundamental representation of SU(3) as ^ 1 
representation of SU(2) and for such a representation, the curvature vanishes as eq. ( |6.1| ) 
shows. This argument establishes eq. (|6.3|) . 

By a similar deformation argument, one can see that 



as long as g and h are given by a lattice restriction of homotopically equivalent SU(2) gauge 
transformations g{x) and h{x) in the continuum. 

The above two properties of the WZW term, combined with the classical continuum 
limit, show that Avzwbjf^] = vr mod 27r. We first note that g(x)^ in the continuum 
belongs to a trivial homotopy class and according to eqs. (|6.3| ) and (|6.4|), 



-fwzwb) u] = rwzw[^, u] 



(6.4) 



Avzw [g^ , U] = Twzw [l,U]= Av [l] = (mod 27r) , 



(6.5) 





Figure 9: Surfaces Sq and iSi, and the region TZ (the shaded area) which is swept by the boundary 
of Sr, utihzed to show eq. (6.3). 



where the last equality follows from the argument of section ^. On the other hand, from 
the composition law ( 2.52| ) and eq. ( |6.3D , we have 



Avzw[9^, U] = Avzwb, U] + Twzwb, ] (mod 27r) 
= 2rwb] (mod27r). 



(6.6) 



Then from eqs. ( |6.5| ) and (6^), we infer that possible values of the WZW term are quantized 
even on the lattice as Avzwb) U] = Avb] = mod 27r or Iwzwbi U] = Avb] = ^ mod 
27r. One can decide which is actually the case from the classical continuum limit (A. 21) 



(6.7) 

where R stands for the fundamental representation of SU(3). According to ref. ||3l|] , the 
above integral is vr mod 27r and thus Avzwbjf^] = mod 27r. By this way, the lattice 
Witten term reproduces the SU(2) anomaly. 
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7. Conclusion 

In this paper, we have formulated the WZW term in lattice gauge theory on the basis of 
a Dirac operator which satisfies the GW relation. We observed that topological proper- 
ties of the WZW term in the continuum are neatly reproduced in the lattice framework, 
although a basic mechanism is rather different: In our formulation, a non-trivial topol- 
ogy of (a connected component of) the configuration space of lattice gauge fields due to 
the admissibility is the key element. On the other hand, (a connected component of) the 
configuration space of gauge fields in the continuum is topologically trivial. An important 
observation which emerged through our analysis^^ is that it is generically impossible to 
formulate a Weyl fermion in an anomalous gauge-group representation, along the line of 

I'^See also ref. jil). 



-20- 



refs. [|r^, 12|, because for such a representation, the Chern number ( [4.1| ) may become non- 
zero. If this occurs, a smooth fermion measure does not exist even the gauge invariance 
is sacrificed. With this observation, it seems interesting to re-examine a quantization of 
anomalous chiral gauge theories |32] within the lattice framework on the basis of the GW 
relation. 
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A. Classical continuum limit^^ 

The lattice transcription (2.45) of a continuum gauge field is assumed in taking the clas- 



M 
o 

1 o 

A = A^dx^, , F = dA + A^ = -F^^^dx/^dx^ (A.l) Q 

from a gauge field in the continuum theory. The exterior derivative d is defined by d = 
dXf, d/{dx^). 

It is not so difficult to explicitly evaluate the continuum limit of the covariant ano- o 
maly ( |2.35| ) for the overlap-Dirac operator |25|. For an evaluation in arbitrary even dimen- | — ^ 
sions, see ref. |26|. By multiplying the volume form d^"x = dxi • • ■dx2n, the continuum 
limit is given by-*^^ 

A^ix) d^^x = ci tr[T'^F(x)"] + 0(a) , (A.2) 

where 



sical continuum limit. To write down various quantities in the continuum limit, a use of 
differential form is quite helpful. The gauge potential 1-form and the field strength 2-form 
are defined respectively by 



ci = -7 — ^ — (A.3) 
(27r)"n! ^ ^ 

On the other hand, an explicit evaluation of the continuum limit of the curvature 



iTr{P-[5rjP-,S(^P-]) is more involved, although executable |17]. Here we invoke a general 
argument [|l2| which immediately leads to the answer. If the variations 7/^(x) and C^{x) 
are lattice restrictions of some smooth vector fields in the continuum, the locality and 
symmetries of the curvature imply that a general form of the continuum limit is given by 

iTr(P_[(^^P_,(5^P_]) = C2 / str(r/CF"-i) + 0(a) , (A.4) 
^'^In this appendix, we will denote R{T°') by for notational simplicity. 

'^^Our gamma matrices are hermitean, 7^ = 7^ and {7,^,71^} ~ 25 y,^. The chiral matrix 75 is defined by 
75 = (-j)"7i ■ ■ • 72n and 7J = 75 and 7I = 1. 
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where rj = rj^dx^, C = C/^dx^ and str denotes the symmetrized trace [33| defined by 

str(^iA2 ■■■An) = Y^ —e„ tr(A^(i)^^(2) • • ■ . (A.5) 



In this expression, the summation is taken over all permutations a and e^- is the parity 
associated to the permutation a, A1A2 ■ • • An — > ^cr(i)^(T{2) ' ' ' ^a{n)^ regarding odd rank 
forms as an anti-commuting quantity. Then by putting eqs. (A^) and (|A.4D into eq. ( 2.36| ), 
where rj = —duj — [A, iv] + 0{a) and 5i^A = C + 0{a) in the continuum limit, we find 



C2 



-nci 



by using the Bianchi identity 



dF + F] = . 



(A.6) 



(A.7) 



In the continuum limit, the two parameter family of the gauge fields ( 2.46| ) corresponds 
to a family of the gauge potentials 



At,s = sA<^^' + 0(a), A9T' = g-\d + A)gt . 



(Ai 



Then in eq. (2.50), a contribution of the covariant anomaly to the WZW term /wzw 
becomes 



ci 



/ / dttv{gr'dtgtF^)\ ^„-i+0(a) 
Jt2" Jo A=^«t 



(A.9) 



On the other hand, the contribution of the measure term is given by substituting 

r? = dtAt^s = s[d{gi^dtgt) + [A9t\g-^dtgt]], 
C = dsAt,s = A9t\ 



F = dAt. + Af 



Fs\ -1 



Fs = sdA + s'^A^ 



in eq. ( |A.4|) as 



ci 



^ dtnj^' dssstr{[d{gr'dtgt) + [A,gr'dtgt]]AFr'}\^^^,-i + 0{a) 



(A.IO) 



(A.ll) 



The integrand is the covariant divergence of the Bardeen-Zumino current [^4| which supplies 
a difference between the consistent anomaly and the covariant anomaly. We note that 
eq. (|A.9| ) can be written as 



ci 



Then by using the Bianchi identity dF^ + s[A, Fg] = 0, as a sum of eqs. ( A.ll ) and ( |A.12| ), 
we have 

rwzw[9, U] = / cvUg^'dtgt, A^t') + 0(a) , = dt - , (A.13) 
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where the interval / = [0, 1] stands for the integration region of t. The consistent anomaly 
i02n in this expression is defined by 

uj^^iC, A) = n{n + 1) [ ds (1 - s) str[Cd{AF^-^)] . (A.14) 
Jo 



Eq. ( [A.13 ) is the standard expression of the WZW term in the continuum (i.e., the inte- 
grated anomaly) and establishes that our construction (2.50) has the correct continuum 



limit. The following is merely a copy of the standard argument in the continuum |35]. 

Eq. ( A.13| ) can be written in a 2n + 1 dimensional form by using the Chern-Simons 
form i02n+i as 



71+1 _/j'2n x/ 

where the Chern-Simons form is defined by 



(A.15) 



cc;2„+i(A,F) = (n + 1) C ds lv{AF^) 

Jo 



(A.16) 



and A^t and J^^t are gauge fields extended to 2n -|- 1 dimensions by using the gauge 
transformation : 

A^^" = gr\d + dt + A)gt , T^^' = gr^Fgt . (A.17) 



(A.18) 



The gauge transformation law of the Chern-Simons form is well-known p5[ : 

(A, F) + (d + dt)a2n + UJ2n+\{gt^{d + df)*?*, 0) 

For lower dimensions, the explicit form of a^n is given by 



a2iy.A) = -ti{VA) 
1 



ai{V,A) = --tr 



V{AdA + dAA + A^) - -VAVA - V^A 



(A.19) 



where V = dgg^"^. For higher dimensions, a2n can systematically be constructed by using 
Cartan's homotopy formula |3^. By substituting eq. ( A.l^ ) in eq. ( A.15| ) and by noting that 
the 2?i + 1 dimensional integral of ijj2n+i{A^F) vanishes (because it does not contain dt), 
we have 

Avzwb,f^] = — / a2n{V = dgg'^.A) 



+ 



-l)"(n!)2ci 
(2n + 1)! Jj'2n^j 



trbr'(d + di)5t]'"+^ + 0(a). (A.20) 



In particular, the classical continuum limit of the Witten term Iwb] = Avzwb;!] is 
given by 

(-l)"i"+in! 



(27r)"(2n + 1)! ^ 



tr[<7,-'(d + dt)<?t]'"+' + 0(a). (A.21) 
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Note added in proofs. The interpolations with respect to the parameter s in eqs. ( 2.39| ) 
and ( 2.46| ) are not uniquely defined when "exceptional configurations" appear within the 
power. For example, —1 is an element of SU(A'^) with even A'" and (—1)^ is not uniquely 
defined. If this situation happens, we deform the one-parameter family gt{x) infinitesimally 
so that only non-exceptional configurations appear in the power. We thank David H. Adams 
for a comment on this point. 
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